The free vibrational characteristics of die springs are examined by Riccati transfer matrix method in this study. The warping deformation of spring's cross section, as a new design factor, is incorporated into the differential equation of motion. Numerical simulations show that the warping deformation is a significant role of the behavior of natural frequencies of die springs and should be considered carefully. Approximately 40% of the errors may occur if warping is neglected. The change laws of warping effect with the parameter variations of springs are also explored, including the height-to-width ratio of the cross section, the cylinder diameter, the helix pitch angle, and the number of coils. The warping effect exhibits the most remarkable changes with the variation in the height-to-width ratio of the cross section. However, this effect is not fairly sensitive to the changes in other parameters, and it is particularly significant when the cross section is relatively narrow regardless of the changes in other parameters. This study evidently answers the key scientific question: "under what working condition should the warping effect be considered or ignored?" The analysis results can be used to guide spring designers in engineering.
Introduction
Die spring usually refers to a cylindrical helical metal spring with rectangular cross section (see Figure 3) . Due to the advantages of high and almost constant rigidity, large energy storage, nearly linear characteristics, and small size, it is suitable to be used for limited space. Therefore, it has been widely applied in the precision machinery and automotive fields.
The studies on the free vibration of cylindrical helical springs have been carried by many scholars [1] [2] [3] [4] ; however the shapes of wire cross sections in those researches are mostly circular. The Saint-Venant torsion problem of nonhomogeneous bars with solid and hollow cross sections was treated by Ecsedi [5] . The shear modulus of the nonhomogeneous bar was a function which matched Prandtl's stress function of the cylindrical bar assuming that it is made of the homogeneous material. Only a few studies on buckling behavior [6] and vibration characteristics [7] [8] [9] [10] of springs with rectangular cross sections have been conducted; however, warping deformation has been ignored in these analyses. Recently, Yu and Hao [11] demonstrated the first free vibration analysis of cylindrical helical springs and warping effect by employing theoretical analysis and Muller root search method. The effects of all parameters, such as the height-to-width ratio of the cross section, the cylinder diameter, the helix pitch angle, and the number of coils upon natural frequency, had been discussed; only the change laws of warping effect with the parameter variations were not systematically examined and that method applied was complicated by low efficiency [11] .
Based on the naturally curved and twisted beam theory [12, 13] , a new series of differential equations of motion for die springs with warping deformation is derived in this study. This series is composed of 14 coupled first-order partial differential equations. Natural frequencies are solved by improving Riccati transfer matrix method, and the validity of the proposed model is verified comparing ANSYS results and the published literature.
The analysis results in this paper show that if the cross section of a spring wire is relatively long and narrow, it will induce 43.06% error to the fundamental frequency with the warping being ignored. On the contrary, the error can be reduced to 0.37% if the warping effect was considered. Numerical results show that the warping effect exhibits the most remarkable changes with the variation of the height-towidth ratio of the cross section. Therefore, the suggestions can be given as follows: when the aspect ratio of the rectangular cross section is : = 1 : 0.6, warping deformation should be considered in die spring's dynamic analysis; when the aspect ratio is : = 1 : 0.4, the influence of warping must be considered. However, the effects are not fairly sensitive to the changes of other parameters; in particular when the cross section is relatively narrow, the changes in other parameters can be ignored.
Differential Equations of Motion for
Die Springs with Warping Effect
The Geometric Compatibility and Constitutive Equations.
Consider a naturally curved and twisted beam in space in Figure 1 . The tangential, normal, and binormal unit vectors of the beam axis are expressed as t, n, and b, respectively. For a smooth curve, the Frenet-Serret formulae are
where () = / , , 1 , 2 are arc coordinate, curvature, and torsion of the curve, respectively. In order to take into account the initial twist of the cross section, a new Cartesian reference frame ( 1 , , ) is introduced, in which the 1 -axis is in the direction of t and the angle between the -axis and n-axis is ( ). If the unit vectors of and are represented by i and i , then
Simultaneously solving (1) and (2), we have
where = 1 sin , = 1 cos , = 2 + . Assuming that the cross section has infinite rigidity in its own plane but is free to warp out of plane and the deformation of the beam is caused by the extension, bending and torsion can be expressed as [13, 14] u ( , , , ) = ( , , , ) t + ( , , , ) i
where
where ( ), ( ), and ( ) are the three translations, ( ), ( ), and ( ) are the three rotations, respectively, and ( ) is a generalized warping coordinate. And ( , ) is the warping function of Saint-Venant's torsion of a cylindrical shaft which has the same cross section as the beam under consideration.
Let , , be the axial and shear strain components, respectively,
In which , are shear correction factors and = (1− + ) 2 . Based on the assumption that the initial curvature of the beam is gentle, it can be seen that √ ≈ 1. Let 
For the case of isotropic beam under consideration, the stress components can be expressed as follows:
where , are elastic modulus and shear modulus of the material, respectively. The resultant forces
the cross section are shown as follows:
where is the axial force, and are the shear forces, is the twisting moment, and are the bending moments, and is the generalized warping moment.
The Equations of Motion.
The external force and moments per unit length of the beam axis can be expressed as
Meanwhile,
} denote the inertial force and the inertial moment per unit length of the rod axis. Since the displacements and the rotations are assumed to be infinitesimal, the equations of motion can be written as
Differential Equations of Motion for Die Springs with
Warping Effect. The geometrical properties of the die springs are given in Figure 2 . The parametric relationships of a cylindrical helix can be denoted as
where is the pitch angle, is the radius of helix, ℎ is the step for unit angle of the helix, and and are the curvature and torsion of the helix axis, respectively. = / is the infinitesimal angular element. The differential equations of die spring can be simplified as follows by simultaneously solving (5)- (11):
Shock and Vibration
Calculation of Element Transfer Matrix
Equations (14) is written in matrix form 
The equations become a "stiff-conditioning" system of equations because of the increase by two degrees of freedom containing the generalized warping coordinate and the generalized warping moment. Therefore, using the method of [14] to calculate the element transfer matrix F ( ) is no longer applicable. Therefore, Scaling-Squaring method and Padé approximation formula are used to calculate the index matrix F ( ) in this study.
For any matrix A and any positive integer , one has
Scaling-Squaring method can be used to calculate A into A/ . And index matrix A/ can be calculated by Padé approximation formula. The approximate expression is
Improved Riccati Transfer Matrix Method
After getting the element transfer matrix by Scaling-Squaring method and Padé approximation formula, the state vector of the motion differential equations (14) is decomposed into two states which are composed of seven elements: In formula (21), the vectors f and e should satisfy the boundary conditions of the initial cross section spring ( = 0). Then the unit transfer relationship can be rewritten as [15, 16] { f
Substituting Riccati transformation f = S e into the above formula, one has
The recursive relation of Riccati transformation is obtained:
According to (24), different frequency equation can be gotten by different types of boundary conditions of spring end section. For example, when the springs are at both ends with the same boundary conditions, the frequency equation is
According to the above method, the natural frequency and vibration mode of the die spring with fixed-fixed ends can be obtained.
Applications
Several numerical results are given in this section.
Example 1.
Firstly, as shown in Table 1 , a spring with an elliptic cross section and clamped-clamped ends is considered to verify the viability and effectiveness of the proposed model. The geometry properties are as follows: = 5 mm, = 7.6, = 5 ∘ , and the semiaxes = 0.3 mm in the -direction and = 0.5 mm in the -direction. The computation time for the free vibration frequencies calculated by the Riccati method is 43 seconds, whereas the time calculated by the Muller root search method is 112 seconds [11] .
Example 2. Springs with rectangular cross section and clamped-clamped ends are shown in Examples 2-6 with the following material and geometry properties: = 7900 kg/m 3 , = 2.06 × 10 11 N/m 2 , = 0.3, the cylinder diameter , the helix pitch angle , the number of active turns , and the rectangular cross section of the semiaxes in the -direction and in the -direction. The warping function of SaintVenant's torsion of the rectangular cross section is
Utilizing ANSYS program in this analysis, the die spring is partitioned into 720 solid elements (the type is solid 45 in ANSYS); the total number of node is 1452. Let = 5 mm, Table 2 shows that the effect of warping deformations on the natural frequencies of the spring is very significant. Therefore, the errors can be unacceptably large when the warping effect is neglected. The necessity to account for the warping effect in the free vibration analysis of this spring is clearly evident.
Example 3. Utilizing ANSYS code in the analysis, the die springs of this example are partitioned into 720 solid 45 elements; the total number of node is 1452. Let = 5 mm, = 5 ∘ , and = 4.
From Table 3 , we find the following phenomena:
(1) The natural frequencies of the spring increase with increase of the cross-sectional areas. (2) If spring's cross-sectional areas keep fixed, the different arrangements of the cross section will have significant effect on the natural frequencies. When the cross section is narrower, the differences between the natural frequencies are greater. (3) It is suggested to consider the warping deformation in die spring's dynamic analysis when the aspect ratio of the rectangular cross section is : = 1 : 0.6. When the aspect ratio is : = 1 : 0.4, the influence of warping must be considered. Tables 4-6 show that when , , and /2 increase, the spring length increases and the frequencies decrease. However, the variety rule of warping effect on these factors is not obvious.
Conclusion
This study presents the change laws of warping effect on natural frequencies with respect to spring parameters. The warping effect exhibits the most remarkable changes with the variation of the height-to-width ratio of the cross section. However, this effect is not fairly sensitive to the changes in other parameters, and it is particularly significant when the cross section is relatively narrow regardless of changes in other parameters. In this case, approximately 40% of errors may occur if warping is neglected.
